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a, Xmdx 
(B1 +B2 +B3 +... +Bn)27r-g x2md by a well known formula in Calculus. 

x= + x2m s X+ X r2m 
Hence, 2 ? %~ (m )=2 Y4 

xx1+X2 nsin (2mn +1) 2=-O 1+x2n' 

X=+ Xx2m _ r 

Hence, > 1+ 2=2n2(2?1) 

2n 

Also solved bY J. L. Wodo. 

NUMBER THEORY AND DIOPHANTINE ANALYSIS. 

120. Proposed by L. E. DICKSON, Ph. D., The University of Chicago. 

Find the prime numbers p for which x2 -pxz-px-z+p2 -3=0 has 
more than two sets of positive integral solutions x, z, each <p. 

II. Solution by E. B. ESCOTT, Ann Arbor, Mich. 

The solution of this problem which was published in the March num- 
ber of THE AMERICAN MATHEMETICAL MONTHLY does not seem to answer 
the question exactly, but rather proposes instead another problem which 
seems equally difficult, as there is no certainty that the numbers p so found 
will be prime. Thus, the solution given leads to the following values of p, 
74 and 394199, neither of which is prime. 

The following method will give an indefinite number of primes p 
which satisfy the given equation, and leads to formulas such as p-=x2 x -1; 

x=n2'rn-l, p=n3+n2-2n-1. (1) 

In the equation, z+l=n= s +p2 2 (2) 

p and x occur symmetrically, and n will be unchanged if p and x are inter- 
changed. If the roots of the equation (2), considered as an equation in x, 
are x1 and x2, we have x2-pln-x1, and since, as just noticed, p and x may 
be interchanged, we may take this value of x2 for a new p (say P2) and 
takethenewxi=p1. nwill be unchanged. The new x2=p2n-x1,p2n-p1. 
Let this equal p., etc. Then we see that in the recurring series 

Pn xi, Pi, pin-x1, ..., where the scale of relation is P.+2--nPF+1-Pn, 
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any two adjacent terms of the series may be taken as x and p, the initial 
terms x1 and pi being any solution of the equation (2). 

Example. Let x1=1, Pi=a, then n-a-1. The series is 

1, a, a2a-a1, as-2a2--a+1, a4-3a3+3a, a0-4a4+2a3+5a2-2a-1. 

If we take the second and third terms for x and p, we shall have the first of 
the formulas given; with the third and fourth terms, we shall have the sec- 
ond formulas (1). 

Numerical Examples. 
n=2 1,3, 5, 7, 9,11, 13, ... 
n=8 1, 4, 11, 29, 76, 199, 521, 
t=4 1, 5, 19, 71, 265, 989, 3691, 
n=5 1, 6, 29, 139, 666, 
n=6 1, 7, 41, 239, 1393, 

Every prime occurring in this table is a value of p and the term pre- 
ceding it is the corresponding value of x. Examples of primes p with four 
values of x: p- 29, x=1, 6, 11, 27; p-71, x=1, 9, 19, 69; p-239, x=1, 16, 
41, 237. 

III. Solution by the PROPOSER. 

The following method, which is that developed by the Proposer at the 
time of setting the problem, will be shown to lead to all possible solutions. 
If (p2_ 1)2 has the factor 1 +xp, the complementary factor has the form 
l+yp and there exists an integer k > 1 (designated z+1 in the proposed con- 
gruence) such that 

x+y=pk, xy+k=p -2. 

Eliminating y and x in turn, we get 

kX2?p2 k=2Y +2 2 (1), 
1+ixp 1 +yp 

(p 2 XI) '-(1 p) [1 + (pk-x)p] =-(1 +yp) [1 + (pk-y)p]... (2). 

In (1J), x and p enter symmetrically; in (12), y and p. Hence 

(x?' 1) -(1 +px) [1 + (xk -p) x], (yl 
2 1) =(1+py) [l + (yk-py]..- (3) . 

If k==1 in (1), then from (X-p) 2 0 we get p ' 2. We assume that 
p > 2, whence k>1. 
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Denote by the symbol {x, p} a pair of numbers such that 
(i) x and p are positive integers; 
(ii) x <p; 
(ii") 1+xp is a factor of (p2_1)2. 

From one such pair we may derive a right-neighboring pair {p, y}, where 
y=pk-x. Since x<p, k>1, we have p<y, so that properties (i) and (ii) 
hold for {p, y}. Property (ii) is true by (3,). Hence any pair leads to a 
chain of right-neighboring pairs: 

{x, p}, {p, pk-x}, {pk-x, (pk-x)k-p}... (4). 

For x=1, k-p-1, by (1). Hence we have the successive pairs 

{1, k+1}, {k+l- k2+k+1}, {k-+k-1, k3+k2-2k-1}... (5). 

When the second member of a pair (5) is a prime p, the first member is a 
solution x (x<p). We proceed to show that every pair {X, P} leading to a 
solution and having P prime may be obtained from the pairs (5) by assign- 
ing a suitable value to k. To this end we consider the pair {w, x4, w==xk 
-p, which is left-neighboring to a given pair {x, p}. We determine the 
conditions under which {w, xl has the properties (i)-(iii). The third 
property holds in view of (3w). By the latter, 

wx=A-1, A=(?X 1) 2 X32x-P xs3 
--1+p 1--px x21 

since x <p. Hence w <x, and property (ii) holds. Finally, (i) holds, viz., 
w is positive, unless A=0 or 1. Hence we may form in succession left- 
neighboring pairs until we reach a pair with A=0 or 1. One of the latter 
cases must ultimately present itself, since a series of decreasing positive in- 
tegers must terminate. If A=0, then x-1, and the chain contains the first 
pair (5), so that {X, PI occurs in the list (5). If A=1, then p=xk, k=x2 
--2. The first terms of the pairs (4) are then 

xa i (xs-2i s wit2h th 2 _fo x s-2o 3-x n e2 i2 pi 

a series of increasing integers with the factor x, so that no one is a prime P. 

MECHANICS. 

210. Proposed by W. J. GREENSTREET, M. A., Marling School, Stroud, England. 

A rigid triangle is formed of three weightless,.smoothly jointed, rigid 
rods BC, CA, AB. At their mid points D, E, F, respectively, are small, 
smooth rings, through which passes an endless, stretched, elastic string, 
fonning the triangle DEF. Find by graphical construction the reaction at 
the joints. 


	Article Contents
	p. 138
	p. 139
	p. 140

	Issue Table of Contents
	American Mathematical Monthly, Vol. 15, No. 6/7 (Jun. - Jul., 1908), pp. 117-144
	Generalization of Positive and Negative Numbers [pp. 117-119]
	On Certain Properties of the Orbits of a Particle Subject to a Central Force Varying as an Integral Power of the Distance [pp. 119-130]
	Solutions of Problems
	Algebra
	291 [pp. 131-132]
	292 [pp. 132-133]

	Geometry
	326 [pp. 133-135]
	327 [pp. 135-136]

	Calculus
	255 [p. 136]
	256 [pp. 137-138]

	Number Theory and Diophantine Analysis
	120 [pp. 138-140]

	Mechanics
	210 [pp. 140-141]

	Average and Probability
	194 [p. 141]

	Miscellaneous
	172 [p. 142]


	Problems for Solution
	Algebra: 301-302 [pp. 142-143]
	Geometry: 335 [p. 143]
	Calculus: 260-262 [p. 143]
	Mechanics: 217-218 [p. 143]
	Number Theory and Diophantine Analysis: 153 [p. 144]
	Average and Probability: 198 [p. 144]
	Miscellaneous: 178 [p. 144]




